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APPROXIMATION BY A KANTOROVICH TYPE g-BERNSTEIN-STANCU 

OPERATORS 

M. MURSALEEN* *, KHURSHEED J. ANSARI AND ASIF KHAN 


Abstract. In this paper, we introduce a Kantorovich type generalization of g'-Bernstein-Stancu op¬ 
erators. We study the convergence of the introduced operators and also obtain the rate of convergence 
by these operators in terms of the modulus of continuity. Further, we study local approximation 
property and Voronovskaja type theorem for the said operators. We show comparisons and some 
illustrative graphics for the convergence of operators to a certain function. 


1. Introduction 

The applications of g-calculus in the area of approximation theory were initiated by Lupas 
who first introduced g-Bernstein polynomials. Later, Phillips |24) proposed other g-analog of Bernstein 
polynomials which became very popular and several researchers obtained the interesting approxima¬ 
tion properties for g-Bernstein polynomials. In the recent years, many researchers have studied the 
approximation properties for linear positive operators miaiTiiaiiiiiiiiiziiiniiii- Mursaleen et 
al in [m [13 [la nn have also obtained statistical approximation properties for new positive linear 
operators and some approximation theorems for generalized g-Bernstein-Schurer operators. 

Initially, we start of with the basic definitions and notations of quantum calculus m- Let g > 0 
be a fixed real number. For any n e N U {0}, the g-integer [n] = [n]q is defined by 


[n] := \ ^ ^ 

n, g = 1 


and g-factorial [n]! = [n]^! by 


[nl! := 


[n] [n — 1] ■ • ■ [1], n > 1 


1, n = 0. 

For integers 0 ^ k ^ n, the g-binomial coefficient is defined by 

n 1 _ [n]! 

_ k _ [A:]![n — A:]! 

The g-analogue of integration in the interval [0, A] is defined by 

.A oo 

/ f{t)dqt := A{1 - g) V ,f{Aq'^)q^, 0 < g < 1. 

•^0 n=0 

In [3, Bernstein introduced the following well-known positive linear operators 

(1-1) = 


and he showed that if / e C[0,1], then Bn{f\x) =1 f{x) where ” ” represents the uniform 

convergence. One can find more details about the Bernstein polynomials in |12] . The g-generalization 
of the Bernstein polynomials was introduced by G.M. Philips |24j . 

The classical Kantorovich operator i?*, n = 1, 2, • • • is defined by (cf. [12] 1 


Kifix) = {n + l)Y^ [”)x'=(l -x) 




^—k 


fc-f 1 
* n + l 


k 

n + l 


f{t)dt 
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( 1 . 2 ) 




Inspired by (1.2), Mahmudov [14] introduced a g-type generalization of Bernstein-Kantorovich 
operators as follows: 


(1.3) 




([k\+qH\ 

V [« + l] ) 


dqi 


where 


Pn,kiq,x) := 


n 

k 


= (l-x) 


n—k 
Q ’ 


(l-a:)” = n 


s=0 


It can be seen that for q ^ 1~ the g-Bernstein-Kantorovich operator becomes the classical Bernstein- 
Kantorovich operator (1.2). 

In 2010, Gadjiev and Gorbanalizadeh [3] introduced the following construction of Bernstein- 
Stancu type polynomials with shifted knots: 


(1.4) 


*5*n,a,/3 (/5 


n + /32 




n + a 2 
n + [32 



n—r 


where ^ x < n+ff ctk,l3k {k = 1,2) are positive real numbers provided 0 ^ oi < 02 ^ 

f3i ^ (32- It is clear that for 02 = /32 = 0, then polynomials (1.4) turn into the Bernstein-Stancu 
polynomials (1.2) and if Oi = 02 = = /32 = 0 then these polynomials turn into the classical 

Bernstein polynomials. 

Motivated by (1.4), Iqoz [3| introduced a Kantorovich type generalization of Bernstein-Stancu 
polynomials as follows: 


(1.5) 




c) = [n+Pi + l] 


n + [32 


E 

r—O 


Q!2 


n + [32 


0:2 


■ P 2 


n + /3l + l 
'•+°1 


fis)ds. 


n. + 01 + l 


where ^ x ^ ZVpl otk^Pk {k = 1,2) are positive real numbers provided 0 ^ oi < 0:2 ^ 

Pi ^ p 2 - It is clear that for ai = a 2 = Pi = P 2 = 0 then these polynomials turn into the Bernstein- 
Kantorovich operators. 


2. Construction of new operators and some auxiliary results 


We construct a Kantorovich type g-Bernstein-Stancu type polynomials as follows: 


( 2 . 1 ) ^ = 


- p2 


n n 

E 


n 

k 


x--, 


Oi2 


[n\+P2j „ V W + /32 


• 0-2 


-—X 


1—k 


[fc] -I- q^t + oi 

[n -f 1] -f Pi 


dqt 


where ^ a: ^ li+fj ctk,Pk {k = 1,2) are positive real numbers provided 0 ^ ai < 02 ^ 

Pi ^ p 2 - If we put for Qfi = 02 = 1^1 = /52 = 0 in (2.1) then these polynomials turn into the 
Bernstein-Kantorovich operators (1.3) introduced by Mahmudov. Throughout this paper, ||.|| denotes 
the sup-norm on [0,1]. Further, C denotes the absolutely positive constant not necessarily the same 
at each occurrence. 

The aim of this paper is to study some approximation properties of Kantorovich type g-Bernstein- 
Stancu operators defined by (2.1). First, we prove the basic convergence of the introduced operators 
and also obtain the rate of convergence by these operators in terms of the modulus of continuity. Fur¬ 
ther, we study local approximation property and Voronovskaja type theorem for the said operators. 
With the help of the Matlab we show comparisons and some illustrative graphics for the convergence 
of operators to a function. 


Lemma 2.1. Let KlPq^\f]x) be given by (2.1). Then the following properties hold: 

(^) 


^^n,q 


(l;x) = 1; 
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(li) 


n,q 




[n\ + 132 2q / a 2 \ 1 / + 

[n + 1] + /3i [2] \ [n] -\- P 2 ) + 1] + /^i V [2] / 


(Hi) 




q[n-l] ( {q-lf 2{q-l) \( [n] + XV «2 

N V [3] [2] )\[n+l]+fij \ N+/32 


+ 1 l + ^-7;;7^ + (2ai + l): 


[3] 


[n\ +132 


+ 


([n + 1] +/3i)2 


2 2ai 1 


l + qj V([»T- + 1 ]+/ 3 l)^ 


X — 


a2 


[n] + (32 


2 

q 


Proof, (i) Using binomial coefficient 


K(Cf{l-,x) = 



[n] + a 2 
[n] + (32 



dqt 


[n] + a 2 
[n] + (32 



n — k 

= 1. 
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(ii) For f{t) = t, we have 


frio:,0) 

n,q 


( [n] + (^2 

\ [n] 



Oi2 

[n\ + (32 


k 

q 


[n]+a2 \ ^ r [k] +ai+ q'"t 

N +(^2 g Jo [n+l]+(3i 


■‘-^n,q 


( [n] + (32 

V [^] 


n 



0-2 

[n\ + (32 


k 

q 


[n] +02 \ ” 

[n]+P2 Vg 


[k] + ai _ ^ _ 

[n + 1] + /3i [2]([n + 1] + /?i) 


^^n,q 


(using (7^ 


1 f {'n]+ (32 

[n + 1] + /3i V [n] 

1 + ( 9 - 1)W) 



0:2 

[n\ + P2 


k 

q 


[n] + 02 
[n\ + P 2 




n,q 


_i_ f2qf [n]+P2 Y^[n] 

fl]+/3il[2]V N J ^^[k] 

l\f[n]+/32Y^ 

+ J S 


n —1 


n — 1 
k-1 

X — 


X — 


02 


[n] + (32 


Ot2 


[n] + 02 

M+/ 52 A VW+/32 


[n] + 02 
[n] + (32 

■—k 


— X 


1—k 


[k] 


— X 


[n] 2q / [n] + /32 \ n — 1 ( 0:2 \ 

[n+l]+p,Y]\~Prj k \Y~U^2jg 


f [n] + 02 

N + / 32 A VW + /32 


'i—k—1 


[n + 1] + (3i 


[n] + (32 2q / ^2 V 1 / + 

[n + 1] + /3i [2] V"" N +(32j^[n+l]+(3^ Y" 


(iii) For f{t) = , in view of (2.1), we have 


n,q 


f[n]+l32Y n] f a 2 Yf[n]+a 2 


n n 

^ \ n \ / 

X — 

I /c I \ 

fc=0 

f [n\ + /32 \ 


([n+l]+/3i)2V N J 

1 ([n]+ Ii 2 \ 


[n] +132 

n 

E 


([n+l]+/?i)2V N J 


n n 

E 

A:=0 ■“ 


n 

k 


n 

k 


X — 


[n] + P 2 
012 

[n\ + p 2 

OL2 


q \ L' •'J ' / q 

k 

Ck2 \ 

X — 


” '•1 ^[k] + qH + aiY ^ ^ 

0 V [n + l]+Pi J 


[n] + a 2 
[n] + /?2 

n] + a 2 


n—k 


N + ^2/A W + ^2 


— X 


q ^ 0 
i—k 


[ {[k] + (l + (q - l)[k])t + ai) 
Jo 

(<7-1)2 2(<7-l) 


1 + 


[3] 


^2(<7-1) , , 2ai(g-l) , 2 


[fc] + a? + 


2,cxi 1 


1 


([n + 1] + /3i)2 
'2(g-l) 


1 + 


(9-1)^ 


+ 2a:i + 


, 2(<7-1) \/ M+/32 yf. 

[3] ^ [2] A [n] J A 

2ai(g-l) 2 \ ” 

+ [ 2 ]A W JA 


[3] ^ [2] 

+(“-+if+Hj(n^j gitj( 


X — 


fc=0 

0:2 


fc=l 

n 

k 


m 

[k] 


n — 1 
k-1 


a2 


X — 


012 


[n\ + (32 


n + q;2 


[ 2 ] 


[n] + a 2 
[n] + (32 

-k 


[kY 


[n] + P2j„ VN+/32 


— X 


[k] 


1 


([n+ 1] +/?i) 

n —1 

xEi”- 




n — 1 
k 


jq-y 2 (< 7 - 1 ) \ (H+AA 

[3] + [2] J'v W ' 

Oi 2 \ ([n\ + a 2 


[n] + (32 

r 


[n] + a 2 
[n] + (32 


— X 


I—k 


X — 


[n]+Y2jq VW+/32 
2(g-l) , o , 2Q;i(g-l) 2\f[n]+P2\ 

/[n] + a 2 


— X 


n—k—1 


[fc + i] 


n —1 

X Ew 

k^O 

1 


n — 1 
k 


X — 


0(2 


[n]+^2A \[n]+/32 


— X 


^—k—l 


9 2 q;i 1 

+|“‘+ir+i 


([n+ 1] +/3i)2 

n —1 

X Ei’^i 


1 + 


( 9 - 1 )^ , 2(g- 1)\ f[n]+P2\ 


[3] 


[ 2 ] 




[n - 1] r n - 2 


(<7-1)2 2(<7-1) 


X — 


0:2 


[n] J 
/ [n] + aa 


— X 


T, —fc—1 


<7[fc] 


n —1 

X Ew 

k^O 

1 


[3] 

n — 1 

/n 


[ 2 ] 


X — 


0(2 


N + /32y, VN + /32 

2(<7-1) , ^ , 2ai(<7-l) , 2 \ f [n] + ( 32 \ 

-^ + 2a. + —pj—+ 

/[n] + aa 


[n]+/?2y„ VW+/32 


— X 


fc—1 


9 2q;i 1 

+|“‘+ir+i 


([n+l]+/3i)2 

n-2 

X E <?[«][«-1] 


1 + 


( 9 - 1 )^ , 2(g- 1)\ f[n]+(32\ 


[3] 


[ 2 ] 


y 


n — 2 

k 


X — 


0.2 




i„] 

f [n] + a2 


N + /32y„ VN + z^z 


— X 


Q 

n n—1 


%—k—2 


K-E—>i)m s'»> 


n—1 

k 


Ct2 


y+YM±i!a _. 


N + /32y„ VN + /52 


n—k — l 


2oii 1 

1] Y+ («“ 1)^ , 2(g- 1) 


[n] 


[3] 


[ 2 ] 


+ ( ^ + 0^"^ 


[n] + (32 
[n + 1] + (3i 

[n] + Y 2 
[2]jyi[n+l]+(3,y 
4 


0^2 


X — 


[n] + /32 
q;2 \ 


[n] + P2J {[n + 1 ] + / 3 i)^ 


2<ai J_ 




□ 


Lemma 2.2. For all x G 


0-2 [n]+a2 

[n\+l32 ’ N+/32 


have 


< V(2g+1) N(W+«2) q / 3 + 5g + V X [„] 

- [2][3] ([n+l]+/3i)2 + l + g l + g + g2 + ([„ + !]+/3^)2 

2 (2g[n] + 2ai + l)([n] + a2) /N_+_^V , f 1 + Qi V 

1 + 9 ([n+1]+/ 3 i)([n]+/32) VW+/^2y V [«+!]+A/ 

Proof. From Lemma 2.1, we have 




(5-1)' , 2(?-l) 


g' - 1 
1 


[3] 

+ (2ai + 1) 


[ 2 ] 

2q 


a! 


[n] + 

[n + 1 ] + /3i 

[^T-] + /32 

1 + gy v([’^+1]+/5i)^ 

2q;i 


X — 


0:2 


-V 


[n]+P2j 

0(2 


[n\+ 132 ') 


1 


—2x 


an+l]+/3i)2V ^ ' [2] [3]. 

[n] + P 2 ‘2q f a 2 \ 


1 


[n + 1 ] + pi [2] \ [n] p 2 ) [n 1] Pi 


ai 


[ 2 ] 


+x^ 




(g-1)^ , 2(9-1)\/ [ n ]+/32 V 49 H+/32 


[3] 


[ 2 ] 


[n+l]+ /3i) l + q[n + l]+ /3i 


+ 1 lx 


, , g^-1 , 29 \ N +/32 

[3] ' + ^^ + 9j([n+l]+/3i)2 

g[n - 1 ] [ 2 ]a 2 A (g- 1)^ 2 ( 9 - 1 ) \ / [n ]+/32 V 

[n] N+/ 32 V [3] [2] J\[n+1]+I3j 

2q 2 a 2 ( [n]+p 2 \ 2 / 1 

I + q[n\ P (32\[n + l\ + (3i) [n + 1 ] + /3i 




92 [n — 


\n] 

1 


1 + 


(9-1)^ , 2(9-1) 


[3] 


[ 2 ] 


Q;2 


-1 l + 4:;v^ + (2ai + l) 


[3] 


[n + 1 ] + Pi 
012 


1 


1 + 9/([n+1]+/3i)2 ([n+l]+/?i)2 

we have 
J' 

2 


o 2 ck 1 1 


oc2 [n]+a.2 
[n\+l32^ [n]+/32 


By using the monotonicity of positive linear operators over 

X(«./3)(+_+2. N < A M 1^1 I I V [2]«2([n]+a2) 9«i ] 

J > j - [n]A [3] [2] jU[^+l]+/3j ([n + l]+/3i)2 + ([n + l]+/3i)2/ 

P ‘ + ’W(|..+1|+A)= + VHTa j 


+ 


49 


0i2{[n] + a2) 


l + q{[n+l]+Pi){[n]+P 2 ) 
Aq ([n]+a 2 )^ 


-2 { ai + 


([n] + a 2 ) 


[2]J {[n + 1] + Pi)l\n] + P 2 ) 


1 + 9 ([n + 1 ] + Pi){[n] + P 2 ) ([n + 1] + PiY 


a. 


2ai 1 


/ 1 \ 29 ^( 29 + 1 ) [n ]2 + (1 - 9 )[n]a 2 9 ^ + 59 + 49 ^ \ [„] /[„]+a 2 y 

[n]) [ 2 ][ 3 ] ([n+l]+/ 3 i )2 ^ l + q\ l + q ^ q 2 ^ ) (fn + 1 ] + PiY ^\[n] + P2 ) 

2(29q;2 - [2]q;i - 1 ) [n] + a2 49 ([n]+a2)^ 1 / 2 2ai 1 \ 

[ 2 ] ([n + 1] + Pi){[n] +P2) 1 + 9 ([n + 1] + / 3 i)([n] + P2) ^ ([n + 1] + + [ 2 ] + [ 3 ] ) 


292(29+1) [n]([n]+a2) 9 ^ + 89 + 49^ \ [n] 

[2][3] ([n+l]+/?i)2 + 1 + 9 V l + 9 + g2 “V ([«+!]+/3i)' 

2 ( 29 [n] + 2 ai + l)([n] + q; 2 ) / [n] + 0:2 V / 1 + Qi V 

1 + g {[n + 1] + pi){[n] + P 2 ) \[n]+P 2 ) \[n + l]+Pi) 
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which is the required result. □ 

Lemma 2.3. Assume that 0 < < 1, —>■ 1 and ^ a {0 < a < 1) as n ^ oo. Then we have 

lim {{t - xf; x)= {a + 2/3i -2P2)x^ +x. 

n—^oo 

Proof. To prove the lemma we use formulae for Kf'^^(t]x) and Kf'^^{f^;x) given in Lemma 2.1. 


—a 2 lim 


‘^Qn .. / 1 

+ lim oi + 




n^oo\[n+l]q^+ PlJ l + q„ n^oo\ [2]q^ J [n + l]q^ + jSl 

,. - 9n + 1 +2g„/32(gn - 1) +/3l(l - <?D ^ , , 1 

= lim ----a 2 + ai + :r 

n->oo - 1 [2\q„ 2 

1 + a + 2(/3i -/32) , 1 + 2(01-02) 

=-2-* +-2-■ 

lim [nl.),Al+l((i-a:)ii;3:) = lim (Ai^f 1((^; x) - 3 :^ - 23:A^mf'(i - x; x)) 

n^oo n—>-oo 


lim [n]q„<i - ( 1 - 


1 


— 1 >x 


[3]9„ [2]<jr„ J \ [n+ l]q„ + Pi 

^ (g« - 1)^ 2(g„ - 1) \ / [n]q„+P2 y [2] 


[3] 


[ 2 ] 


+ 1 + 


ql - 1 , 2g„(2oi + 1)^ [n],„ + P 2 

[3] 


Qn 


l + 9n J (^[n + l]q^ + PiY 


[1I-+ I]?™ +/3l7 N<?n+/52 


x02 


+ lim I 1 - ll + <«" - - 1) V l"l». + * 


n , 


2 2 

qnai 


_ lim(„], + + + W..+A 

V [3]9„ l + 9n y ([ 11 ++/; 

-2x lim 


[3]9„ [2]g„ J\[n+Yq„+PlJ {[n]q„+P2Y 

02 


([n+l],„+/3i)Mi^]9„+/32 


= -2o2X-x^ + 2x + 2oix-2x(- ^ + ” + y + 


= {a+ 2Pi — 2P2 )x^ + X. 


□ 


3. Convergence results 

First we give the following theorem on convergence of KYfq^\f',x) to f{x). 

Theorem 3.1. Let q = qn € (0,1) be a sequence such that ( 7 „ — > 1 as n — > 00 and f a continuous 
function on [0,1]- Then 

lim max | KY[£>{f-x) - f{x) \= 0 

+Tgi7-i-/32^ — — l^hn +^2 

Proof Taking into consideration the equalities in Lemma 1, for v = 0,1,2 we can write 


(3.1) 


lim max 

n —>-00 Q 2 [^]gn +^2 

[^]qn +^2 ~ ~ [^Iqn +1^2 




= 0 . 


Now consider the sequence of operators 
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K*if-.x) = 


if «2 < T < 

H,„+/32 - ^ - 
n 0^2 

’ M 9n +/52 


f{x), iix€ 


n]g„+a2 . 


n]g +P 2 


U 


Ngn + 02 

N,„+/32 ’ 


Then obviously, 

(3.2) ll^:,,„/-/ll= max , \ x) -/(x) 

and using (3.1) we obtain 


™ <- Hqn+^ 

t”']gn+'^2 — — E’^]gn+^2 


lim ||ii:*,g„(r;a;)-a;"’||c[o.i] = 0, z; = 0,l,2 

Applying the Korovkin theorem m (see also 0 ) to the sequence of positive linear operators K* , 
we obtain 

lim ha:; „(/;a;) -/(a;)||c[o,i] = 0 
for every continuous function /. Therefore (3.2) gives 


lim 

ri-S-OO ^2 __- ["lgn.+°2 

M<,„+/32 - - M,„+/32 


max I K^£\f-x) - f{x) \= 0 


and thus the result is obtained. 


□ 


We use modulus of continuity to give quantitative error estimates for the approximation by 
positive linear operators. 

Theorem 3.2. If f € Cp, 1] and 0 < q < 1, then 

\\Ki^f'>{f;x)-f{x)\\ < 2a;/(5„), 


where 


^2 ^ 2g^(2g + l) [n]([n] + a 2 ) ^ q p + 5g + V ^ 


[2][3] ([n+l]+/3i)^ l + g\ 1 + q + q 

2 (2g[n] + 2ai + l)([n] + 02 ) , f [n] + 0 : 2 ^^ f 1 + Oi 


([n + l]+/3i)2 

2 


[n + 1] + Pi 


1 + q {[n + 1] + Pi){[n\ + P 2 ) V N +/^2 
Proof. For any x,y & [a, 6], it is known that 

\f{y)-f{x)\ < +i|. 

Therefore, we get 

\K^n/\f-.x)- f{x)\ <K^^f\\f{t)-f{x)\]x) < Wf[5)[l + ^K^f'>{{t-xf]x) 

By using Lemma 2.2, we can write 
\K^n/\f-,x)- f(x)\ < Wf{5) 

L VL“ “r .LJ -r ^ t y \ ^ t 

1 + Oi 


1 J'2g2(2g+1) [n]([n]+a2) q / 3 + 5g + V 

L [2][3] ([n+l]+/3i)2 + 1 + g V 1 + 9 + ?" “V (h + 1] +/9i)" 

2 (2g[n] + 2ai + l)([n] + 02 ) /N+a 2 ^^ ^ 1 .- \ 2 >n 


Choosing 

S = d„ 

we have 


1 + q {[n+l]+Pi){[n\+P 2 ) V W + 
2q^(2g+l) [n]([n]+a 2 ) 9 /3 + 5g + 4g^ 


+ 


[n + 1] + ,01 


[2][3] ([n + l]+/3i)2 1 + 9 V 1 + 9 + 9^ 


+ 4a] 


2 (2g[n] + 2ai + l)([n] + 02 ) , W + ^2 V _|_ /^ 1 + Oi 


1 + g {[n + 1] + Pi){[n\ + P 2 ) \[n\ + P 2 J V [^ + 1] +/3i 


{[n + 1] + /3i)2 
2 


\\Ki^fHf;x)-f{x)\\ < 20 Jf{Sr.), 

Thus, we obtain the desired result. 


□ 
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4. Local Approximation 


We begin considering the following AT-functional: 


K2{f,S^) :=mf{||/-g||+52||5"||, gGC^[0,l]}, S>0, 


where 


C2[0,l] -{g: g,g',g" €C[QA]]. 


Then, in view of a known result [3, there exists an absolute constant Co > 0 such that 


K2{f,S^)<CoUJ2{f,S) 


where 


W 2 (/,^):= sup sup \f{x-h)-2f{x)+f{x + h)\ 

0<h<6 ai±/iG[0,l] 


is the second modulus of smoothness of / G C[0,1]. 


Theorem 4.1. Let f G C[0,1] with 0 < g < 1. Then for every x G 


«2 [n]+a2 

N+/32’ H+/32 


have 


\Klff;f\f]x) - /(a;)|< Cu} 2 {f, \/Sn(x))+uj{f, |(a„ - l)x + b„\) 


vthere n — A2__W±A_ h — _1_ fry, 




1+9 J 1+9 [n+l]+/3i 


and 


S„{x) = 


f l + 2g + 4g^ + 5gV [n] +/32 2(3g + l) [n] + P 2 


I 1 + 29 + 2g2 + q3 _l_ X] _l_ y 1 + q [71 + l] + 


+ 2 


+ 


+ 


W +p2 2 . 


U 5 + 7q + 6q'^ 2q'^(2g+l)a2 \ 

\V l + g + g2 (1 _|_ g _|_ Q77 _|_ X] _|_ “ [tj _|_ X] 

g^(2g+l) / 02 y q f 3 + 5q + 4q^ \ 

\ + q + q^ \[n + 1] + Pi J l + q\l + q + q'^ 


+ 2 


([n + l]+/3i)2 V[n + l]+/3i 


1 + Ol 


Proof. Let 


+ fix) - fianX + bn) 

where / G C[0,1], a„ = x^ [l+i]+X and 6„ = (oi + tT^) “ [n+if+ffi ■ Using the Taylor 

formula 


g{t) = g{x) + g'f{t - s)g''^[0,l], 


we have 


Ki°fHg;x) = g{x) + U / {t- s)g''{s)ds;x)- 


a.nX-\-bn 


(a„x + bn- s)g [0,1] 


























Hence 


\K^^f\g-,x)-g{x)\ < < 


,/3)| 


{t - s)g"{s)ds 


■X 


panX-\-bn 


\anX + bn - s)| |g"(s)|(is 


< Ki'^f'^{{t-xf]x)\\g''\\ + {anX + bn - xf\\g"' 


q[n - 1] 


[n\ 


1 + 


( 9 - 1 )^ , 2((7-1)\/ [n]+/32 \ 4(7 [n] + P 2 


[3] 


[ 2 ] 


[n + 1] + /3i y 1 + g [n + 1] + /3i 


+ 1 >x 


1 1 , ,0 , 2g [ n ]+^2 

[3] ' + ^^ + gj([n+l]+/3i)2 


q[n - 1] [ 2 ]a 2 f (g - 1)^ 2(g- 1) \ / [n] +/ga V 

[n] N+zg^l ^ [3] + [2] ){[n+l]+(3j 


+ 


2g 2 a 2 / [n] + /g 2 \_ 2 

1 + g [n] + /32 + 1] + /^i / [?T- + 1 ] + /3i 

(g-1)" , 2(g-l) 


Q-l 


g^[n — 


[n] 

1 


1 + 


[3] 


[ 2 ] 


(22 


- 1 + 


g"-l 


[3] 


+ (2(2i + 1) 


2g \ 


[n + 1] + /?i 
(22 


1 + gy ([n+1] +/gi)2 ([n + l]+/gi)2 


f 2g [n] + /32 1 

\ 1 + g [n + 1] + /?! ^ [n + l]+Pi 


(2i + 


1 


2g 


a2 


2q:i 1 
2 


qj 1 q [n 1] /3i 


1 I 5 " 


1 - 


2g^(2g + 1) / [n] + /32 V _ 4g [n] + P 2 


[2] [3] 


[n + 1] + /3i y 1 + g [n + 1] + /?! 


+ 1 + 


[n] + P 2 


[n + 1] + Pi 


- 1 


+ 


g / 3 + 5g + 4g2 


l + g\ l + g + g2 
4g (22 


+ 4ai 
2 


[n] + /32 


{[n+l]+Piy 


-1-7^ 


a 2 2g2(2g+l)/ [n] +/32 


1 + q[n + l]+ Pi [n + V\+ Pi 


1 


«i + |^)+2 


[n] J [n] + P 2 
[n] + P 2 


g 1- 


1 \ 2g2(2g+l) 


+ 


\n\ 

1 


[2] [3] 


(22 


[n + 1] + pi 


[n + 1] + Pi 
q /3 + 5g + 4g2 


- 1 


[3] V [n + 1] + /3 

1 + (2i 


([n + 1] + PiY 


2(2i 


[2] [3] 


1 

TTrr I + 


l + g\ l + g + g2 
2 


+ 4ai 


[n + 1] + Pi 
(22 


([n+ 1] + PiY 


1 + <21 \ 

[n + 1] + /?! y 


< 


[ 1 + 2g + 4g^ + 5g^ / ['n] + P 2 2(3g + 1) [n] + P 2 | 2 

I 1 + 2g + 2g2 + g3 [n + 1] + / 3 i y 1 + g [n + 1] + /?i J ^ 


//S + Tg + Gg^ 2g2(2g+l)a2 , \ [n] + P 2 ^ 

IV l + g + g2 ^ (l + g + g2)[n] + ([„ + 1 ] + ;3,)2 + | 


(22 


A 


[n+l]+pif^ 

g2(2g+l)y a2 y g p I Iq. ^ “2 

y 1 + gVl + g + g^ 


{[n + l]+Pir 


1 + g + g^ V [^ +1] + /^i 

= (5„(x)||5"||(3.3) 

Using (3.3) an(4 the uniform boundedness of K^q^\ we get 

^ - 9 ', x)\ + \K^'^f \g; x) - g{x)\ + \f{x) - g(x)| + |/(a„x + 6„) - f{x)\ 

< 4||/ - g\\+dnix)\\g''\\+uj{f, |(a„ - l)x + 6„|) 

Taking the infimum on the right hand side over all g G C^iO, 1], we obtain 

“ /(a^)A V^n{x))+U}{f,\{an - l)x + bn\). 

This completes the proof. □ 

Corollary 4.2. Assume that qn G (0,1), g„ —> 1 as n ^ 00 . For any f G C^[0, 1] we have 

lini \\Ki-q^J{f)-f\\ = 0. 


+ 2 


1 + OCi 


[n + 1] + I3i 



Furthermore, we estimate the rate of convergence for smooth functions. For this reason, we now 
state following general estimate theorem obtained by Shisha and Mond |2S] in terms of modulus of 
continuity. 

Theorem 4.3. Let [c, d] C [a, 5] and (L„)„gN be a sequence of positive linear operators such that 

Ln : C[a, b] —>• C[c, d] 

If f'C[a,b] and x € [c,d], then we have 

\Lnif;x) - f(x)\ < |/(x)||L„(l;a;) - 1| + |/'(x)||L„(t - x]x)\ + Ln{{t - xf-.x) 

X I v'b„(l;x) + ^\jLn{{t - x)2;x)|w(/'(5). 

where w is the modulus of continuity of the function f defined by 

uj{f]6) = sup{\f{x) - f{y)\ : x,?/e[0,1], |x- 2 /|<d} 
for any positive number S. 


Theorem 4.4. For any f € 1] and each x G 


02 [n]+a 2 

H+/32 ’ [n]+0i. 


, we have 


-f{x)\< 


2q [n] +132 
1 + g [n + 1] + /3i 


- 1 X + 


1 + Oi + qai — 2qa2 


(l + g)([n + l]+/3i) 


|/'(x)| + 2y'dn{x)uj{f\ ^/Sn{x)) 


Proof. In view of Lemma 2.1, Lemma 2.2 & Theorem 4.3, and if we choose S = (x) = ^K^f\{t — x)^;x), 

we have 


\K^^f^-f{x)\ < 


2q [n] + [32 
1 + g [n + 1] + /3i 


- 1 X + 


1 + oi + goi — 2qa2 


(l + g)([n + l]+^i) 


\fix)\ 


+ \JKlf‘/\{t - xY\x) X |l + i \JK^/'^ {{t - x)2; x) |a;(/', 5) 


2q [n] + ^2 
1 + g [n + 1] + /3i 


- 1 X + 


1 + oi + goi — 2qa2 


(l + g)([n + l]+^i) 


|/'(x)| + 2y/6n{x)uj{f' , \/(5„(x)). 

□ 


5. VORONOVSKAJA TYPE THEOREM 

Next we prove Voronovskaja type result for Kantorovich type g-Bernstein-Stancu operators. 


Theorem 5.1. Assume that q = qn G (0,1), g^ —>■ 1 and gJJ —>■ a (0 < a < 1) as n ^ oo. For any 
f G C^[0,1] the following equality holds 


iKlf‘£>{f-x) - /(x)) = /'(x) 
uniformly on x G 


1 + a + 2(/3i -P 2 ) ,1 + 2(ai - 02 ) 
-^- x-\ -^— 


+—f"{x) ((a + 2/3i — 2fl2)x^ + x) 


Ngn+«2 


N<Jn+^2’ N5„+/32 


Proof. Let / G 1] and x G [0,1] be fixed. By the Taylor formula we may write 


(5.1) 


f{t) = f{x) + f'{x){t - x) + -/"2 + r(t; x){t - x)^ 


where r{t]x) is the Peano form of remainder, r(.;x) G CIO, 1] and lim = 0. Applying K^q^\f-x) on 
both sides of (3.4), we obtain 

W 9 n(^n“gfH/;a:) - fix)) = fix)[n]q„K)^°£\{t - x);x)+^f"{x)[n]q„K)f^£\{t - x)'^;x) 

+ [n\q„K),°^f\r{t;x){t-x)^;x). 

By the Cauchy-Schwartz inequality, we have 

(5.2) ^ [rit-, x){t - x)‘^]x)< \J{r^{t; x)]x)\J- x)4; x) 
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Observe that r^{x,x) = 0 and r‘^{.-,x) € Cp, 1]. Then it follows from Corollary 3.4 that 


(5.3) 


lim K‘ffJ{r'^{t-,x)-,x) = 


r^(x, x) = 0 


uniformly with respect to x G 
immediately 


02 Wgn+QZ 
l " J «„+^2 ’ [ n \ g „+02 


Now from (3.5), (3.6) and Lemma 3.4 we get 


lim 


(r(t; 


c)(t — x)^; x) = 0. 


The proof is completed. 


□ 


Now we give the rate of convergence of the operators in terms of the elements of the 

usual Lipschitz class LipM{oi). 

Let / G C[0,1], M > 0 and 0 < a < l.We recall that / belongs to the class LipM{a) if the inequality 

l/W - f{x)\ < M\t - x|“ (Lx e [0,1]) 


is satisfied. 


Theorem 5.2. Let q = G (0,1) such that lim = 1. Then for each f G LipM{ex) we have 

n—^oo 




where ||.|| is the supremum norm over 


012 l'n]g^+a2 

N<in+;92’ [n]gn+fi2 


and 


< M 


29^(2(?„ + 1) [n],„([n]q„+ 02 ) , Qn /3 + 5g„ + 4gr: 


[2]9„ [3]g„ {[n + !],„ + /3i)^ I + qn \ 1 + 

2 (2g„[n],„ + 2ai + l)([n]g„ + 02 ) , f [n],„ + 02 


■ 4ai 


J Qn 


i[n + ^gn + 


+ 


l + 9n (h+!]?„+/3i)(W<?„ +/52) VNgn+/?2 


+ 


1 + CXi 


Proof. . Let us denote (x) = ( 

ri,f^ '• ' \ [n\qn 

Then by the monotonicity of the operators K^q^\ we can write 


E 

k=0 


n 

k 


[n\g„+p 2 


+ l]gn + Pi 

n—k 


Wgn+Q2 

N<2n+/32 


\Ki^fJ-f{x)\ < Ki^fJi\f{t)-f{x)\;x) 

n 


fc=0 


rf W\qn + + Ol 

\ [n + l]g„ + Pi 


-fix) 


dqj 


< M^PiTix) 




W\qn + + 0^1 


+ P\qn + Pi 


dqJ- 


have 


On the other hand, by using the Holder’s inequality for integrals with P = and q = 


\KlpfJ-f{x)\ < M^Py/)(x) 


fc =0 


= ( 


fc =0 


[k\q„ + Qnt + «1 _ 

lo V + IJsn + Pi 

f Wgn + qnt + Ql 

0 \ [n + l]g„ + /3i 



2 I 

f 1 

J dqj^ 

) ] 

d ' ^"”7 


— a; 1 O C 




(x)- 
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Now again applying the Holder’s inequality for the sum with P = ^ and q = and taking into 
consideration Lemma 2.1(i) and Lemma 2.2, we have 

- fi^)\ < - xr;x)^ ' (^Ki‘:fJ{l-,x) 

'gn[n- l]gn 


< M 


J9n 


1 + 


(gn - 1) , 2(9„ - 1)\ / N,„ + ^2 


[3] 


Qn 


[ 2 ] 


+ <! ( l + 4v^ + (2ai + l): 


[3]9„ 

qn[n-l]q^ [2]g„Q2 

■ P 2 


Qn 

n]. 


4(?„ 


J Qn 


■ P 2 


[n + l]q„ + /3l y 1 + gn [« + l]g„ + /?! 


+ 1 


■ P 2 


J gn 


Jgn 


1 + 


+■ 


‘Iqji 


202 


1 + gra/ ([’^ + l]g„ + PlY 
(g„ - 1)2 ^ 2(9„ - 1)^ Ng„ + ^2 

[3] 

- ;02 


Qn 


1 + g„ [n]q„ + /32 V + I]?™ + /3i / [?T- + l](j„ + Pi 


[2]gn 

2 


[’^ + I]?™ + Pi 

1 

Ol 


[ 2 ] 


Qn 


g™h-l]gn 


1 + 


- 1 + 


gn - 1 

[3]gn 


(gn - 1)^ 2(g„ - 1) 

[3]gn [2](J„ 

2^71 


a2 


+ l]gn + Pi 


+ (2ai + 1) 


02 


^ + qnj {[n+ l]g„ + /3i)2 ([n + + Pi^ 


2 2oi 
a? + TT-r-^ + 


[2]g„ [3], 


Replacing x by implies that 

\Ki^iHf)-f\\ < M 


N9n+y2 

2g^(2g„ + 1) Wg„([n]g„ + 02 ) 


Qn 


3 + 5g„ + 


. [2]gTi,[3]g„ ([^ + l]g„ +/3l)^ 1 + gn V 1 + gn + g, 

2 ( 29 „[n],j„ + 2ai + l)([n] 9 „ + 02 ) , f [«],„ + 02 


+ 40] 


iQn 


1 + gn (h + l]gn +/3l)(Wg„ +/32) 

Hence if we choose S := 6n, then we arrive at the desired result. 


+ 


Jgn 

'] gn 


■ P2 


+ 


{[n+P\q„+PiY 

2n # 


1 + Qi 


W + l]gn + Pi 
□ 


6. Graphical analysis 

With the help of Matlab, we show comparisons and some illustrative graphics m for the con¬ 
vergence of operators (2.1) to the function f{x) = 1 — cos(4e’^) under different parameters. 

From figure 4.1, 4.2, 4.3, we can observe that as the value the n increases, Kantorovich type 
g-Bernstein-Stancu operators given by (2.1) converges towards the function. 


Convergence of operators to the function 



Figure 6.1. 
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Convergence of operators to the function 



Figure 6.2. 


Convergence of operators to the function 



Figure 6.3. 

Similarly as the value the q increases, convergence of operators to the function is shown in figure 
4.4 with different values of parameters ai, a 2 , /3i, P 2 , and n 


Convergence of operators to the function 



Figure 6.4. 


13 

















References 


[1] P.N. Agarwal, Vijay Gupta, A. Satish Kumar, On g-analogue of Bernstein-Schurer-Stancu operators, Applied 
Mathematics and Computation^ 219 (2013) 7754-7764. 

[2] F. Altomare, M. Campiti, Korovkin-type approximation theory and its applications^ de Gruyter Studies in Mathe¬ 
matics, vol. 17, Walter de Gruyter and Co., Berlin, 1994. 

[3] A. Aral, V. Gupta, R.P. Agarwal, Applications of q-Calculus in Operator Theory, Springer, New York, 2013. 

[4] S.N. Bernstein, Demonstration du theoreme de Weierstrass fondee sur le calcul de probabilities, Commun. Soc. 
Math. Kharkov), 13 (2) (1912-1913) 1-2. 

[5] Z. Ditzian, V. Totik, Moduli of Smoothness, Springer-Verlag, New York, 1987. 

[6] A.D. Gadjiev, A.M. Ghorbanalizadeh, Approximation properties of a new type Bernstein-Stancu polynomials of 
one and two variables, Appl. Math. Comput., 216 (3) (2010) 890-901. 

[7] V. Gupta, Some approximation properties of g-Durrmeyer operators, Appl. Math. Comput., 197 (2008) 172—178. 

[8] V. Gupta, W. Heping, The rate of convergence of g-Durrmeyer operators for 0 < g* < 1, Math. Methods Appl. Sci., 
31 (16) (2008) 1946-1955. 

[9] G. Igoz, A Kantorovich variant of a new type Bernstein-Stancu polynomials. Applied Mathematics and Computa¬ 
tion, 218 (2012) 8552-8560. 

[10] V. Kac, P. Cheung, Quantum Calculus Universitext, Springer, New York, 2002. 

[11] P.P. Korovkin, On convergence of linear operators in the space of continuous functions (Russian), Dokl. Akad. Nauk 
SSSR (N.S.), 90 (1953) 961-964. 

[12] G.G. Lorentz, Bernstein Polynomials, Univ. of Toronto Press, Toronto, 1953. 

[13] A. Lupas, A g'-analogue of the Bernstein operator. Seminar on Numerical and Statistical Calculus, University of 
Cluj-Napoca, 9 (1987) 85-92. 

[14] N.I. Mahmudov, P. Sabancigil, Approximation Theorems for g-Bernstein-Kantorovich Operators, Filomat 27(4) 
(2013) 721-730. 

[15] V. N. Mishra, P. Patel, On generalized integral Bernstein operators based on g-integers. Applied Mathematics and 
Computation 242 (2014) 931-944. 

[16] S. A. Mohiuddine, A. Alotaibi and M. Mursaleen, Statistical summability (C, 1) and a Korovkin type approximation 
theorem. Jour. Ineq. Appl, 2012, 2012:172, doi:10.1186/1029-242X-2012-172. 

[17] S.A. Mohiuddine, A. Alotaibi, Korovkin second theorem via statistical summability {C, 1), J. Inequal. Appl, 2013, 
2013 :149. 

[18] M. Mursaleen, V. Karakaya, M. Ertiirk and F. Giirsoy, Weighted statistical convergence and its application to 
Korovkin type approximation theorem, Appl. Math. Comput., 218 (18) (2012) 9132—9137. 

[19] M. Mursaleen, A. Khan, H.M. Srivastava and K.S. Nisar, Operators constructed by means of g-Lagrange polyno¬ 
mials and A-statistical approximation, Appl. Math. Comput., 219 (2013) 6911-6918. 

[20] M. Mursaleen, A. Khan, Statistical approximation properties of modified g-Stancu-Beta operators. Bull. Malaysian 
Math. Sci.Soc.{2), 36(3) (2013) 683-690. 

[21] M. Mursaleen, A. Khan, Generalized g-Bernstein-Schurer operators and some approximation theorems. Journal of 
Function Spaces and Applications Volume 2013, Article ID 719834, 7 pages http://dx.doi.org/10.1155/2013/719834 

[22] M. Mursaleen, F. Khan, A. Khan, Statistical approximation for new positive linear operators of Lagrange type. 
Applied Mathematics and Computation, 232 (2014) 548-558. 

[23] M. Mursaleen, F. Khan, A. Khan and A. Kiligman, Some approximation properties of bivariate g^-Stancu-Beta opera¬ 
tors, Journal of Function Spaces, Volume 2014, Article ID 270673, 7 pages, http://dx.doi.org/10.1155/2014/270673 

[24] G.M. Phillips, Bernstein polynomials based on the ^-integers, Ann. Numer. Math. 4 (1997) 511—518. 

[25] O. Shisha and B. Mond, The degree of convergence of linear positive operators. Proc. Nat. Acad. Sci. USA, 60 
(1968) 1196-1200. 

Department of Mathematics, Aligarh Muslim University, Aligarh 202002, India 
E-mail address: mursaleeiim@ginail.com; aiiScLri.jkhursheed@gmail.com; asifjnu07@gmail.com 


14 


